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Abstract. The present study is related to the utilization of the mixed Meshless Local Petrov-
Galerkin (MLPG) methods for solving problems in gradient elasticity, which are governed by 
fourth-order differential equations. Here, three different numerical MLPG methods are 
presented, where the continuity requirements for the approximation functions are lowered by 
applying different mixed procedures to improve the numerical accuracy and efficiency. The 
first one is based on the direct solution of the problem, where the primary variable 
(displacement) and its independently chosen higher-order variables are approximated 
separately. The global discretized system of equations consists of appropriate equilibrium and 
compatibility equations written for each node and the solution vector contains all unknown 
independent nodal variables. Such approach demands only the first-order continuity of 
meshless approximation functions. The second and third procedures are both based on the 
displacement-based operator-split approach, where the original gradient elasticity problem is 
solved as two uncoupled problems governed by the second-order differential equations. 
Herein, in both uncoupled problems only primary variable (displacement) and its first 
derivative (strain) are approximated independently. In these procedures the original problem 
is solved by a staggered approach, where the solution of the first uncoupled equation is 
utilized as an input in the second equation. The main difference in the second and third 
procedure is that the one is based on the solution of the local weak forms of the governing 
equations, while the other is based on solution of the strong forms of the same equations. The 
accuracy of the presented computational methods is compared to analytical solutions and 
demonstrated on a one-dimensional benchmark problem of axial bar in gradient elasticity. 
 
1 INTRODUCTION 
The solution of the fourth-order differential equations using the Finite Element Method 
(FEM) results is complicated formulations [1]. When solved using primal FEM, where only 
primary variable (displacement) is approximated, the C1 continuous shape functions are a 
necessity, which results in complexity even for two-dimensional problems [2]. On the other 
hand, if mixed FEM procedures [3] are utilized, the well-known Ladyzhenskaya–Babuška–
Brezzi (LBB) conditions [4] need to be satisfied to ensure the stability of the method, and a 
large number of unknown nodal variables appear. Alternatively, meshless methods have 
attracted attention due to simple manner of construction of high-order continuity 
approximations [5]. Nevertheless, the calculation of high-order meshless approximation 
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functions and their derivatives is still a major drawback due to its high computational costs. 
This can be easily seen in early papers where primal C1 formulations of meshless methods are 
applied for solving thin beams [6] and plates [7]. Furthermore, weak form primal meshless 
methods suffer from a further computational deficiency due to the inaccurate integration of 
the weak forms containing the derivatives of meshless functions [8]. This deficiencies are 
here alleviated to a certain extent by using the mixed MLPG method paradigm [9].  
In this contribution, three different mixed MLPG methods for solving problems in gradient 
elasticity are proposed. For simplicity, here the proposed approaches are presented only for 
one-dimensional elasticity, but they can readily be extended to higher dimensional problems. 
In the first method, the displacement and the higher-order independent variables are 
approximated separately by the same functions. The governing equations are based on the 
local weak form of the original strain gradient equation and the compatibility conditions 
between the approximated variables. In the standard Galerkin weak forms, the Heaviside 
functions are chosen as the test function leading to the mixed Meshless Finite Volume 
Method (mMFVM) [10]. Therein, the use of the mixed stratagem lowers the continuity on 
trial functions and enables the use of lower polynomial bases, which improves numerical 
stability and reduces computational costs. In this formulation, only the values of nodal shape 
functions need to be calculated in order to assemble the nodal stiffness matrix. The second 
and third considered formulations are based on the operator-split solution procedure, where 
the original gradient elasticity fourth-order differential equation is first decomposed in an 
uncoupled two sets of the second-order differential equations [11], for the purpose of 
decreasing the continuity requirement on the trial functions. Hence, two different boundary 
value problems, local (classical) and non-local (gradient), are being solved, where the solution 
of the former problem is used as an input in the latter one. The continuity requirements for 
trial functions are further lowered by separately approximating displacements and their first 
derivatives in each decoupled equation set. In the second procedure which is based on the use 
of the local weak forms of the governing equations the application of the operator-split 
solution scheme [12], utilizing the mixed meshless approach, results in a C0 meshless 
formulation. Hence, within this approach only the values of nodal shape functions need to be 
computed to assemble coefficient matrices. In comparison, in the third procedure where the 
strong forms of the governing equations are being used the calculation of the first-order 
derivatives of shape functions is necessary in order to assemble the coefficient matrices. 
The paper is organized as follows: Section 2 is related to the overview of the governing 
equations for one-dimensional gradient elasticity for three different solution procedures being 
considered. The brief description of the utilized Interpolating Moving Least Squares (IMLS) 
approximation [13] and the derivation of the applied mixed meshless methods are presented in 
Section 3. One numerical example of axial bar subjected to force in gradient elasticity is 
analyzed in Section 4. In the last section, concluding remarks on the presented solution 
procedures are given. 
2 GOVERNING EQUATIONS 
2.1 Mixed Meshless Finite Volume Method (mMFVM) 
In order to present the proposed mixed meshless finite volume procedure, here a general 
governing equation for a homogeneous axial bar in gradient elasticity 
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2 0, in ,Eu l Eu q                        (1) 
is considered. In equation (1), the unknown variable is the displacement u , and the primed 
symbols denote its derivatives, while q denotes the axial continuous load per unit length. In 
order to solve the problem, boundary conditions (BCs) on the outer global boundary   need 
to be satisfied. These BCs can be written as  
1
on , on , , ,
on , , on , , ,
u P P u P u
R Du R Du R Du
u u P t
R R Du u 
          
           
             (2) 
where 1,u   is the first-order displacement gradient, i.e. strain, and P and R are the tractions 
and double tractions, respectively, while , , andu P Du R     denote parts of   with the 
prescribed values for the displacements, strains, tractions and double tractions, respectively. 
These tractions are defined as 
   ,1 , .P t n n n R nT nn                                (3) 
Herein, t and T stand for the “true” tractions and double tractions, while P and R are their 
generalized “mathematical” counterparts emerging from the variational formulation of the 
considered problem. Note that in general the above equality between the “true” and 
generalized loading variables is not valid, see e.g. [3] for a detailed discussion on that subject. 
n denotes the outward unit normal vector on the global boundary, and      stands for 
the true stress, with 1,    is the second-order stress, and   denotes the double stress. Here 
it is important to note that the value of R is completely defined by the value of  , e.g. 
R    . 
In this contribution, a simple constitutive law with only one microstructural parameter l is 
employed. Hence, 1,E E u    is the Cauchy stress, and 
2 2
11,l l E u     is the double 
stress, with E as the Young’s modulus. According to the mixed MLPG strategy, the primal 
displacement u and the variables depending on the displacement gradients may all be regarded 
as independent variables and approximated separately [9]. In this contribution, the set of 
variables is chosen so that it simplifies the integrals of the weak form as much as possible, 
while preserving a clear physical overview. These set of chosen independent variables are as 
follows  
2
1 2 3 4, , , .u u u u u u u l Eu                                         (4) 
For simplification the substitutions    1 2 3 4, , , , , ,u u u u u      are employed in the further 
text. By using the set of independent variables (4), the original governing equation (1) may be 



















     
     
    
       
                             (5) 
where the fourth equation is the equilibrium equation written in terms of stresses, and the first 
three equations represent the compatibility equations between various independent variables. 
The local weak forms of the governing equations (5) may now be written for each node as  
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   
   
1 1 2 2 2 3
2
3 3 4 4 2 4
d 0, d 0,
d 0, d 0.
S S
S S
v u u x v u u x
v l Eu u x v Eu u q x
 
 
    
      
 
 
                 (6) 
In all the above equations the Heaviside functions are chosen as the test functions 
, 1,2,3,4iv i  , leading to the mixed meshless finite volume method (mMFVM). 
2.2 Mixed Meshless Finite Volume Operator Split Method (mMFVOSM) 
In the second procedure the original fourth-order governing equation (1) is solved as an 
uncoupled sequence of two differential equations of the second-order. According to [12] the 
original problem is split into classical (local) governing equation 
c 0, in ,Eu q                         (7) 
and the gradient (non-local) governing equation 
2
g g c, in .u l u u                         (8) 
Herein and in the following, the indices c and g denote the variables and objects referring to 
the classical (7) or gradient problem (8), respectively. The problem stated by (7) and (8) can 
be solved in a staggered manner. Firstly the classical problem (7) is solved and thereafter its 
solutions are used as input in the gradient problem (8). Due to the operator-split procedure the 
BCs of the original problem (2) have to be modified [11]. The BCs that need to be satisfied 
when solving (7) and (8) are 
c c c c c11 c c c c c c
2
g g g g g g g g g g g
on , on , ,
on , on , ,
u t u t
u t u t
u u t n t
u u t l u n t
        
        
                 (9) 
where cu  and gu  denote parts with the prescribed values of essential BCs of displacements 
cu  and gu , while ct  and gt  are the parts where natural BCs are applied. These natural BCs 
include prescribed values of classical traction ct  and the second-order traction gt . The local 
weak forms of the governing equations of the classical (7) and gradient problem (8), after the 
integration by parts, are written as 
c c
g g
c c c c c c c
2
g g g g g g g c g g
d d d d ,
d d d d d .
S S u S t
S S S u S t
v Eu x v t x v q x v t x
v u x l v u x v t x v u x v t x
    
     
     
    
   
    
               (10) 
In the considered operator-split procedure, a mixed meshless paradigm as in [9] is utilized 
in the classical problem (the first equation in (10)), and the gradient problem is discretized in 
analogous manner (the second equation in (10)). Accordingly, the classical or gradient 
displacements and their first-order derivatives (strains), cu  and c cu  , or gu  and g gu  , 
respectively, are chosen as the unknown system variables, depending on the equation being 
solved. All the unknown variables are approximated separately using the same approximation 
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functions. Again, in the weak forms in (10) the Heaviside function may be used as the test 
function in order to reduce computational costs and to improve the numerical accuracy and 
stability. It is then obvious that all the natural BCs ( c c con tt t    and ong g gtt t  ) are 
enforced in the weak sense. The unknown displacements and the first order derivatives are 
connected via well-known compatibility equations c c g g,u u    . They can be enforced for 
each node in a weak form over the local subdomain as in mMFVM, see (6), or by means of 
collocation at the nodes, as in [9]. In the latter case, the size of the global equation system can 
be reduced relatively easily by eliminating the values of nodal strains from the equations (10), 
see [8] or [9] for more details. Then, the essential BCs ( c c con uu u   and g g gon uu u  ) 
can be satisfied directly as in FEM. 
2.3 Mixed Meshless Collocation Operator Split Method (mMCOSM) 
The third considered procedure is similar to the second one and is also based on the 
previously described staggered solution scheme. If the standard Galerkin weak forms of the 
equations (7) and (8) are written we obtain the local forms of the classical (local) 
 c c d 0, in ,
S
v Eu q x

                    (11) 
and gradient (non-local) governing equation 
 2g g g c d 0, in .
S
v u l u u x

                     (12) 
In the above equations the Dirac delta function is chosen as the test function leading to 
meshless collocation method [14]. In that way, the strong for of the governing equations only 
at the collocation nodes are obtained 
   c 0, in ,I IEu x q x                     (13) 
     2g g c 0, in .I I Iu x l u x u x         (14) 
Solution procedure remains the same as in the second procedure, however there is no need for 
numerical integration. In the utilized solution procedure the mixed meshless collocation 
paradigm [15] is used. Herein, the chosen unknown system variables in the solution procedure 
of the classical problem are cu  and c cu  , while in the gradient problem they are gu  and 
g gu  . In order to connect the approximated variables the compatibility equations 
c c g g,u u     are enforced at the nodes using the collocation method. Furthermore, due to 
the used staggered solution procedure the BCs of the original problem according to [11] have 
to be changed. Thus, the BCs that need to be satisfied are 
c c c c c11 c c c, on , , on ,u tu u t n t                                (15) 
2
g g g g g g g gon , , on .u tu u t n u t            (16) 
The essential BCs are here again enforced directly as in FEM, while the natural BCs are 
discretized using mixed meshless collocation and satisfied at the collocation nodes as in [16]. 
571
Boris Jalušić, Tomislav Jarak, Jurica Sorić 
 6 
3 NUMERICAL IMPLEMENTATION 
3.1 Discretization 
The global domain   in both procedures is discretized by a set of N nodes 
, 1,2,...,Ix I N . Around each node I a local sub-domain 
I
S  is defined, bounded by a local 
boundary IS , as displayed in Fig.1.  
 
Figure 1: Discretization model 
The local weak forms of equations (6) or (10) are written for each IS . All the considered 
unknown variables are approximated using the same meshless approximation scheme. In the 
first procedure (mMFVM), independently chosen variables iu  from (4) are considered as the 
unknown variables in (6). Within the mMFVOSM, in the local problem the classical 
displacement cu  and the classical strain c  are approximated, while in the non-local problem 
gradient displacement gu  and gradient strain g  are utilized as unknown variables. Here, the 
IMLS approximation is used, written as  






x x  

                    (17) 
In (17), J  and  ˆ J  represent the one-dimensional (1D) nodal shape function and the nodal 
value of the approximated variables at node J, respectively. According to [17, 18], the nodal 
shape function  J x  can be written as 
       T 1 .J Jx x x x
   p A B                             (18) 
In equation (18) the momentum matrix  xA  is 






x W x x x

  TA p p                             (19) 
while the matrix  xB is written as 
          1 1 2 2( ) ( ) ( ) ( ) .J J n nx W x x W x x W x x W x x B p p p p      (20) 
In order to improve the conditioning of the momentum matrix  xA , the complete monomial 
basis p  is written in terms of local normalized coordinates [19]. Within (19) and (20)  JW x  
represents the weight function associated with node J. In this contribution the regularized 
weight function [20] is utilized to ensure the Kronecker delta property,  J I J Ix  . It 
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should be stated that the node I influences the values of the approximated variables only at the 
points within the weight function support domain Itr .  
In the first considered procedure (mMFVM), by inserting approximations defined by (17) 
into the local weak forms (6), the system consisting of four linear algebraic equations 
obtained for each node. In the operator split procedure, by using the approximations (17) 
within the weak forms (10) only one algebraic equation is obtained for a given node in each of 
the problems considered (local and gradient). For both procedures, a global system of 
equations is achieved by writing the equations in node-by-node principle [18]. 
3.2 Discretized equations of the mMFVM 
Analogously to the formulation in [10], all the test functions iv  in (6) are chosen to be 
Heaviside functions. Hence, a form of mixed Meshless Finite Volume Method (mMFVM) is 
obtained. In order to derive the discretized system of equations for each node, firstly the 
integration by parts and divergence theorem is applied in all weak forms (6). Secondly, the 
discretization of the chosen independent variables using IMLS functions [20] is done leading 






K U R                                         (21) 
where IJK  is the contribution of the node J to the stiffness of the local subdomain of the node 
I, IS . In (21) ˆ JU  denotes the vector consisting of nodal variables at the node J,  while IR  is 
the nodal force vector at node I. For the chosen independent variables vector IR  is defined as 
T
1 2d d d d d .
I I I I I
u Du R S P
I nu nu T q t
    
 
           
  
    R                 (22) 
In the above equation, n represents the outward unit normal vector to the global boundary, and 
the prescribed values are defined as 









u u u u
T n n l E u n l E u






       
                    (23) 
Note that the double traction R  is completely defined by the known value of the double stress 
 , according to (3). From (22), it is obvious that in this method all BCs are satisfied in a 
weak form, without the need to introduce special procedures for enforcing BCs, which can be 
a problem in meshless methods [18]. In addition, all non-zero terms of the matrix IJK  are 
integrals over IS  and the parts of local boundary 
I
S , and contain only nodal shape 
functions. Therefore, the stiffness matrix can be computed without the need of performing 
costly and inaccurate numerical integration of the derivatives of nodal shape functions. 
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3.3 Discretized equations of the mMFVOSM 
Here again the test functions in both classical cv  and gradient problem gv  are chosen to be 
Heaviside functions in order to obtain a form of the mMFVOSM. According to the mixed 
MLPG strategy the local weak forms (10) are firstly discretized by using the approximation 
(17) for c  and g . Next, to obtain the discretized systems of equations with only the classical 
cu  and gradient gu  displacements as unknowns, the compatibility between the approximated 
strains and displacements is enforced via the collocation method at the nodes of the model. By 
employing the compatibility conditions in the discretized form of the local weak forms (10)
the nodal strains are eliminated. This nodal elimination can be performed efficiently during 
the node-by-node assembly of the global system of equations for both the classical and 
gradient problems. Firstly, the classical problem is assembled and solved, and thereafter, the 
solution of the classical problem is utilized in the assembly of the gradient system of 
equations, where the obtained classical displacements appear as the input term in the gradient 





















                                        (24) 
where cIJK  and 
g
IJK  are the contributions of the node J to the coefficient matrices associated 
with the local subdomains of node I in the classical and gradient problem, respectively, while 
the nodal vectors cˆ JU  and 
gˆ
JU  consist of unknown classical and gradient displacements. 



















    
  
 






                              (25) 
As can be seen from (25), the natural BCs are satisfied in the weak sense, similar to the first 
procedure. Due to the interpolation property of the meshless approximation functions, in both 
uncoupled problems the essential BCs can be easily imposed, just as in FEM.  
3.4 Discretized equations of the mMCOSM 
Since the Dirac delta function in chosen as the test function in both classical cv  and 
gradient problem gv  the form of mMCOSM is achieved. Here, related to the mixed 
collocation strategy in [16] the strong forms (13) and (14) are firstly discretized utilizing (17) 
for c  and g . Furthermore, in order to obtain the closed solvable systems of equations with 
only the classical cu  and gradient displacements gu  as unknowns, the compatibility between 
the approximated strains and displacements in enforced using the collocation method. As in 
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the second procedure, the classical problem is firstly assembled and solved. The solution of 
the classical problem is then used as input in the subsequent assembly and solution of the 
gradient problem. The obtained final system of equations in this procedure can also be written 
analogous to equations given by (24). In addition, at the nodes where the natural boundary 
conditions are present the system equations are replaced by discretized boundary conditions at 
the node I. The BCs are discretized using mixed collocation and can be written as  
c c c
1



















R H G U
                            (26) 
From (26) it is evident that all the natural BCs are satisfied in the strong sense, no numerical 
integration is used in the procedure. Therein, the matrices B , H  and G  are compatibility 
matrices consisting of first-order derivatives of shape functions. Since the IMLS 
approximation is used the essential BCs are satisfied by a standard procedure as in FEM. 
4 NUMERICAL EXAMPLE 
4.1 AXIAL BAR 
In order to verify the presented methods a benchmark example of the bar in gradient 
elasticity subjected to the axial load, displayed in Fig. 2, is considered. The problem of 
gradient elasticity is governed by the differential equation (1). The bar has the cross-section 
surface 1A   and the length 1L  . The Young’s modulus is taken as 1E  . The left side of 
the bar is clamped, while on the right side the force 0 1P   is applied, as seen in Fig. 2. For the 
mixed Meshless Finite Volume Method (mMFVM) the utilized BCs are (0) 0u  , 
 2(0) 0 0R l Eu   , ( ) 0.5ou L     and    2 0( )P L Eu L l Eu L P    . Here, P and R 
stand for the generalized tractions and double-tractions, respectively.  
 
Figure 2: Axial bar in gradient elasticity 
In the mMFVOSM and mMCOSM, BCs are modified. Herein, the gradient elasticity problem 
is governed by second-order differential equations (7) and (8). Therein, the BCs of the 
classical problem are defined as c(0) 0u   and  c 0t L P , while the BCs of the gradient 
problem are g(0) 0u   and 
AN
g g( )u L u . Herein, the value of the gradient displacement at the 
right-hand-side of the bar, at ,x L  is dependent on the parameter l  and is calculated from 
the analytical solution [21]. Numerical calculations using presented mixed meshless 
procedures have been done. For the approximation of the unknown variables only the first-
order basis in the IMLS functions is used. For computing purposes, discretizations using 
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uniformly distributed nodes are applied. The influence of the parameter l on the deformation 
responses of the bar has been investigated and the obtained distributions for the displacement 




Figure 3: Axial bar - distribution of displacement 
 
Figure 4: Axial bar - distribution of strain 
As evident, the obtained results are accurate and analytical distributions are captured correctly 
using all the presented mixed meshless procedures. Thus, these methods show considerable 
potential for applications in high dimensional structures, where gradient elasticity is a 
necessity. Some of these phaenomena include the modeling of size effects in structures and 
capturing accurate stress distributions near the crack tip in fracture problems. 
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5 CONCLUSION 
Three different meshless methods based on the mixed MLPG stratagem for solving 
gradient elasticity have been proposed and applied for solving simple problems in 1D gradient 
elasticity. In first two mixed meshless methods, the Heaviside function is chosen as the test 
function leading to the forms of the mixed Meshless Finite Volume Method (mMFVM). In 
the third method the Dirac delta function is utilized as the test function leading to a mixed 
meshless collocation method. The first method (mMFVM) is based on the modification of the 
original fourth-order governing equation of the gradient elastic bar by employing a mixed 
approach, where displacements and the higher-order gradients are approximated separately, 
while the second (mMFVOSM) and third (mMCOSM) method are based on the application of 
the operator split procedure and a staggered solution of the original problem. For the 
approximation of all unknown field variables IMLS is utilized. In mMFVM, all BCs are 
satisfied in the weak sense, while in mMFVOSM a reduction of the equation system is 
performed, and the essential BCs are imposed directly, as in FEM. In the mMCOSM all the 
BCs are enforced in the strong form at the collocation nodes. The presented mixed meshless 
methods have been tested on one benchmark example dealing with the axially loaded bar with 
gradient elasticity and it has been shown that all methods yield very accurate responses even 
for the first-order meshless approximation functions. The obtained results imply that the 
proposed mixed MLPG strategies have considerable potential for solving engineering 
problems governed by high-order differential equations. It is to note that the application of the 
mixed MLPG strategy lowers the continuity requirements on the trial functions, which in 
general reduces the computational time and increases numerical robustness. Thus, in future 
research the presented methods will be extended and utilized for solving gradient elasticity 
problems in higher-dimensions. 
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